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Abstract The first part of the series formulates the Einstein-Cartan theory in the co-
variant hamiltonian framework. The first section revises the general multisymplectic
approach and introduces the notion of the d-jet bundles. Since the whole Standard
Model Lagrangian (including gravity) can be written as the functional of the forms,
the structure of the d-jet bundles is more appropriate for the covariant hamiltonian
analysis than the standard jet bundle approach. The definition of the local covariant
Poisson bracket on the space of covariant observables is recalled. The main goal of
the work is to show that the gauge group of the Einstein-Cartan theory is given by
the semidirect product of the local Lorentz group and the group of spacetime dif-
feomorphisms. Vanishing of the integral generators of the gauge group is equivalent
to equations of motion of the Einstein-Cartan theory and the local covariant algebra
generated by Noether’s currents is closed Lie algebra.
Keywords Graded Manifolds · Covariant Hamiltonian Framework · Local Poisson
Bracket · Einstein-Cartan Theory
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1 Introduction
The first part of the series, which proposes as hypothesis a new theory of Covari-
ant Quantum Gravity (CQG) with continuous quantum geometry, formulates the
Einstein-Cartan theory within the covariant hamiltonian framework. The Einstein-
Cartan theory, also familiar as the Kibble-Sciama theory, is a gauge theory where
the local Poincare´ group plays a role of the gauge symmetry[1,2,3]. Standard ADM
formulation[4] of General Relativity requires time+space splitting of the spacetime
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therefore the Hamilton formalism, which is necessary for any rigorous quantum for-
mulation, breaks the explicit covariance and the algebra of constraints is no more
closed Lie algebra, similar result can be obtainedwithin the Einstein-Cartan theory[5].
In the case when the gravitation is interacting with the pressure-free dust then there
exists the privileged system of the coordinates comoving with every single grain of
the dust which enables to rewrite equivalently the ADM constraints in such a way that
they form closed Lie algebra[6]. Kucharˇ also tried to rewrite the ADM constraints for
the gravitation interacting with scalar field but in this case the ADM constraints can
be rewritten only implicitly and the result depends on the solution of the equations
of motion[7]. Another possible solution of this Lie algebra problem was proposed in
the Phoenix Project where all constraints of the system are contained in a single Mas-
ter Constraint[8], but the Master Constraint for LQG is quadratic in the Hamiltonian
constraint and given Lie algebra is no more associated with the local Poincare´ group.
The problem just mentioned yields the question whether there exists covariant
hamiltonian formalism which can be applied here and which does not require the
space+time splitting. Fortunatelly, we know that there exists an affirmative answer
based on ideas of the multisymplectic geometry which generalize familiar symplec-
tic structures[9,10,11,12].
Usually, the covariant hamiltonian description works with a notion of the jet bun-
dles. The jet bundle is a fibre bundle constructed from the given configuration bundle
Y over the spacetime M, with the local coordinates (xµ, yA), by adding the first deriva-
tives of the variables yA to Y, i.e. locally (xµ, yA, vAµ ). The Standard Model Lagrangian
(including gravity) can be written as a functional of the forms over the spacetime M
with values in a certain vector space (or in its submanifold as in the case of gravity)
and their gauge covariant exterior derivatives, therefore it is more suitable to work
within this structure, called the d-jet bundles, instead of the jet bundles. Therefore the
basic results (covariant hamiltonian equations of motion, momentummaps, Noether’s
charges) in the language of the d-jet bundles should be introduced. This is the task of
the section 2.
The section 3 deals with the construction of the local covariant Poisson bracket.
We recall basic definitions of the local covariant bracket, observables and associated
hamiltonian vector fields [13] for the general multisymplecticmanifold. In the section
2 we have introduced two multisymplectic structures, the kinematical and dynamical,
hence we need to know how their local covariant brackets are related. We also need to
explore the general shape of the local observable, which is given by sum of generators
of the groupDiff(M) of all spacetime diffeomorphisms and M-horizontal simply differ-
entiable (n−1)-forms, see theorem 7. Thus on general level we arrive into Lie algebra
of local covariant observables. But as we know, the standard quantization procedure
is based on searching of representations of different kind of an integral-like observ-
ables and Poisson bracket. We do not proceed such construction here, but rather we
left it to the second part of the series where we explore instantaneous formalism[14]
in detail. On the other hand, the searching of the local Poisson algebra representation
is also considered and explored in the literature and this step is used to be called a
pre-quantization[15,16], but in some sence it can be viewed as the first quantization.
We deal with the Einstein-Cartan theory in the section 4. At first we introduce a
graded bundle of the right-handed coframes whose elements are interpreted as or-
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thonormal vierbeins in the Einstein-Cartan theory. As another independent variable
of the Einstein-Cartan theory is considered a metric-compatible connection and we
finally arrive at the full covariant configuration bundle and the multisymplectic struc-
ture over it. Since the covariant Legendre map is singular we must proceed a multi-
symplectic reduction. Next, we explore equations of motion in the point of view of the
covariant hamiltonian formalism. As the last thing, we find out that the gauge group
of the Einstein-Cartan theory is given by the semidirect product of the local Lorentz
group SO(η, M) and the group of spacetime diffeomorphisms Diff(M) and show that
equations of motion are given by vanishing of Noether’s charges related to genera-
tors of the gauge group.
NOTATION:
We use following convention in the series.
M − Spacetime manifold with dim M = n, (if we are dealing with Einstein-Cartan the-
ory we have n = 4).
Σ − Spatial manifold with dimΣ = n − 1.
Spacetime indices are labeled by µ, ν, µ¯, µˆ, · · · = 0, 1, . . . , n − 1, where indices with
hats, bars are considered as standard without any additional meaning. Spatial indices
are labeled by α, β, γ, α¯, αˆ, · · · = 1, . . . , n − 1.
Multi-index notation
Let Bµp+1...µq be totally antisymmetric (0 ≤ p < q ≤ n) then we set
B(µ)pq = Bµp+1...µq ,
B(µ)q = B(µ)0q ,
B(µ)p = B(µ)pn ,
B(µ) = B(µ)0n .
Silent multi-index summation
B(µ)pqC
(µ)
p
q = 1
(q−p)!
Bµp+1...µqC
µp+1 ...µq .
Lebesgue’s coordinate measures
dx(µ)
p
q = dxµp+1 ∧ . . . dxµq ,
dΣ(µ)q = ε(µ)q(µ)qdx
(µ)q ,
where ε(µ) and ε¯(µ) are Levi-Civita symbols (ε01...(n−1) = ε¯
01...(n−1) = 1).
Coframe indices runs through a, b, a¯, ... = 0, 1, ..., n − 1 and Levi-Civita symbols
ε(a) and ε¯
(a) are given by (ε01...(n−1) = ε¯
01...(n−1) = 1) and Minkowski metric tensor has
signature (ηab) = diag(−1,+1,+1, . . . ,+1,+1). General multi-indices A, B, A¯, . . . are
running through some certain finite set depending on considered theory.
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2 Covariant Hamiltonian Formalism: d-jet bundles, Multisymplectic
manifolds, Covariant momentum maps and Equations of Motion
In the classical mechanics the hamiltonian analysis takes place on the symplectic
manifold (P = T∗Y,ω), where Y is the finite dimensional configuration space and
ω = −dϑ = −d(pAdy
A) is the canonical symplectic 2-form on P. In the case of
the classical field theory one usually starts with the infinite dimensional configura-
tion manifold and then canonically constructs the infinite dimensional phase space.
This construction requires the time+space splitting of the variables and the Legendre
map relates the velocities, i.e. time derivatives of variables, with the canonical mo-
menta. This breaks an explicit covariance. There also exists another approach[9,11,
10] which works with the multisymplectic structure and even more these two con-
structions are mutually complementary as we will see in the next part of the series.
In this approach the infinite-dimensional configuration (or phase) space is replaced
by the set of all (sufficiently smooth) sections of a certain finite-dimensional fibre
bundle over the spacetime. While in the symplectic case the Legendre map gives, in
the non-degenerate case, one-to-one relation between the velocities and the canonical
momenta, the multisymplectic canonical momenta are related by the generalized or
covariant Legendre map to the exterior derivatives of the fields.
Let M be a spacetime manifold with dimension n with local coordinates be xµ,
where µ, ν, · · · ∈ {0, 1, . . . , n − 1}. Since we are interested in gravity where the metric
is one of the observables it is also assumed that M is the topological smooth manifold
only. It is well known[17,4] that the equations of motion of the standard fields are
well possessed if there exists global Cauchy surface and the spacetime has a structure
M ≃ Σ × , where x0 ∈  is interpreted as the time and Σt = {x ∈ M; x
0(x) = t} are
supposed to be the achronal sections through M and play role of the Cauchy surfaces.
As it was mentioned in the case of gravity there is no backgroundmetric and therefore
the notion of the Cauchy surface depends on the solution. But if one assumes only the
product condition M ≃ Σ ×  and if for the initial conditions the initial embedding
Σtini of Σ is the Cauchy surface then the equations of motion for the gravitational
field are well possessed[4,17]. Thus, let M ≃ Σ × . In order to avoid an analysis
of the boundary terms and the overlapping conditions it is also assumed that Σ is
compact boundaryless orientable (n − 1)-dimensional manifold and the considered
fields are globally defined, therefore the bundles constructed in this part are trivial.
Surprisingly, the triviality condition of the configuration bundle does not restrict our
approach in 3 + 1 dimensional space-time, since each 3-dimensional manifold Σ is
parallelizable and therefore also M = Σ× is also parallelizable. Anyway, the notion
of d-jet bundles and their duals is formulated for general case.
The standardmultisymplecticmethods workwith ”scalar” fields yA and their space-
time derivatives yA, µ. This means that if one wants to describe for example an electro-
magnetic field then yA ≡ Aµ and the coordinate index µ is hidden in the general
multi-index A of yA. On the other hand the Einstein-Hilbert-Palatini and the Stan-
dard model Lagrangians can be formulated within forms (0-forms: scalar, Dirac, neu-
trino fields or 1-forms: electroweak, strong, gravitational connections or orthonormal
coframe field) and their gauge-covariant exterior derivatives. Hence, it seems to be
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more suitable to develop the multisymplectic methods using directly the structures of
the exterior algebra over the spacetime M.
2.1 Graded Manifolds
By graded manifold Y we mean following (we are introducing the simplified defini-
tion rather than its general version in terms of categories, sheaves).
Definition 1 Let pM, Y : Y → M be a fibre bundle, where M, Y are oriented open or
closed finite dimensional smooth manifolds and the bundle projection pM, Y is smooth
map. Let there exist a vector bundle M given by direct sum
M =
n
⊕
i=0
Λi(M,i)
of vector bundles Λi(M,i) of i-forms over M with values in real finite dimensional
vector space i such that the typical fibre Y
f of the bundle Y is submanifold of the
typical fibre vector space M f of the bundle M and
TY f = TY f M
f
holds then Y is called graded manifold.
NOTE: Y might be considered as complex manifold but for ∀y ∈ Y we require y∗ ∈
Yx, where x = pM, Y(y) and Yx = p
−1
M, Y(x) is the fibre over x containing y and
∗ is a
complex conjugation inherited from the complex vector spaces i.
The coordinates yA on the fibre Yx are forms in xwith values in a certain real vector
space (or its submanifold as in the case of gravity) labeled by the index A which is
independent on the M-coordinate indices µ, ν, .... In general, the degree qA of y
A may
depends on A, but if there is no confusion we do not write this dependence explicitly
q = qA, i.e.
yA =
1
q!
yAµ1...µqdx
µ1 ∧ · · · ∧ dxµq = yA(µ)qdx
(µ)q
keeping in mind this assumption.
Let F be general smooth function F : Y→ ΛmM satisfying pM, ΛM ◦ F = pM, Y. We say
that F is simply differentiable if its variation given by small vertical changes δy can
be written as
F(y + δy) = F(y) + δyA ∧
∂LF
∂yA
= F(v) +
∂RF
∂yA
∧ δyA. (1)
(m − q)-forms ∂
LF
∂yA
or ∂
RF
∂yA
are called left or right simple derivatives of F with respect
to yA, respectively. These forms are nontrivial only for 0 ≤ q ≤ m ≤ n and they are
related by
∂RF
∂ yA
= (−1)q(m−q)
∂LF
∂ yA
.
Following theorem shows the most general shape of simply differentiable function.
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Theorem 1 Smooth function F : Y → ΛmM satisfying pM, ΛM ◦ F = pM, Y is simply
differentiable if and only if one of the following conditions is satisfied
i) m = n,
ii) m < n and F is a finite polynom of the type
F = F0 + FA ∧ z
A +
1
2
FAB ∧ z
A ∧ zB +
1
3!
FABC ∧ z
A ∧ zB ∧ zC + . . . ,
where λA is 0-form part of yA, zA is qA-forms part of y
A with 0 <
qA ≤ m, w
A is qA-forms part of y
A with m < qA ≤ n, i.e. y
A =
λA + zA + wA, and smooth functions F0, FA, FAB, FABC , . . . depend
only on x ∈ M and λA.
Proof
i) m = n
We have
F(yA + δyA) = F˜(yA(µ)q + δy
A
(µ)q
)dΣ = F˜dΣ +
∂F˜
∂yA
(µ)q
δyA(µ)qdΣ,
where dΣ is coordinate Lebesgue’s volume form. Since in general
δyA(µ)qdΣ = δy
A ∧ dΣ(µ)q (2)
it is obvious that such F is always simply differentiable.
ii) m < n
We split yA into three parts yA = λA + zA + wA, where λA is 0-form part of yA, zA is
qA-forms part of y
A with 0 < qA ≤ m and w
A is qA-forms part of y
A with m < qA ≤ n.
Within the proof we do not use Einstein summation convention for indices A, B, ...
and we write this summation explicitly.
For δyA = δwA we have
∂LF
∂wA
= 0, hence 0 = δF =
∑
A
∂F
∂wA
(µ)qA
δwA(µ)qA
, i.e.
∂F
∂wA
(µ)qA
= 0.
For δyA = δλA we have
δF =
∑
A
∂F
∂λA
δλA =
∑
A
∂F
∂λA
∧ δλA =
∑
A
∂RF
∂λA
∧ δλA.
For δyA = δwA the proof is little bit longer, therefore we do not proceed all steps
explicitly, but rather we show only the main milestones of the proof. After some
math the definition of simple differentiability (1) for F = F(ν)mdx
(ν)m yields
∂F(ν)m
∂zA
(λ)qA
=
m!(
n−m+qA
qA
) ∂F(µ)qA (λ)qAm
∂zA
(µ)qA
δ
(λ)qA (λ)
qA
m
(ν)m
. (3)
Multi-index (µ)q can be immersed into the set of mutually different numbers {µi}
q
i=1
=
{µ1, . . . , µq} therefore we can compare two multi-indices (µ)q and (ν)r by (µ)q ⊂ (ν)r
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⇔ {µi}
q
i=1
⊂ {ν j}
r
j=1
and define equivalence by (µ)q ∼ (ν)r ⇔ (µ)q ⊂ (ν)r and (ν)r ⊂
(µ)q. Relation (3) implies
∂F(ν)m
∂zA
(λ)qA
= 0
for (λ)qA 1 (ν)m which means that F(ν)m depends only on those z
A
(λ)qA
having (λ)qA ⊂
(ν)m. Further, we have
∂F(ν)m
∂zA
(λ)qA
=
m!(
n−m+qA
qA
)

✁
✁
✁❆
❆
❆
∑
(λ)qA
∂F(λ)qA (λ)
qA
m
zA
(λ)qA
+
∑
(µ)qA/(λ)qA
∂F(µ)qA (λ)
qA
m
zA
(µ)qA
 δ(λ)qA (λ)qAm(ν)m .
The canceled summation mark in the first term means that we do not sum through
the repeating indices (λ)qA . The second term in big brackets depends on z
A
(µ)qA
having
(µ)qA / (λ)qAfor (λ)qA(λ)
qA
m ⊂ (ν)m, while the left hand side of the equation does not.
This is possible only if
∂F(ν)m
∂zA
(λ)qA
does not depend on zA
(λ)qA
, i.e. F(ν)m depends on z
A
(λ)qA
having (λ)qA ⊂ (ν)m at most linearly. This implies that F(ν)m is finite polynomial in
zA
(ν)qA
F(ν)m =
∞∑
r=0
αr(ν)m ,
where, qi = qAi ,
αr(ν)m =
1
r!
∑
A1,...,Ar
β
(λ1)q1 :···:(λ
r)qr
A1...Ar (ν)m
z
A1
(λ1)q1
. . . z
Ar
(λr )qr
(4)
are homogeneous polynomials of the r-th order and only finite number of them are
not vanishing identically. β
(λ1)q1 :···:(λ
r )qr
A1...Ar (ν)m
’s depend on x ∈ M and λA only. The
colon between two multi-indices (λ1)q1 : (λ
2)q2 means that these multi-indices can-
not be exchanged, i.e. while two multi-indices without column are graded-symmetric
Λ(λ1)q1 (λ
2)q2
= (−1)q1q2Λ(λ2)q2 (λ
1)q1
there is no such explicit relation between Λ(λ1)q1 :(λ
2)q2
and Λ(λ2)q2 :(λ
1)q1
. Since two homogeneous polynomials with different orders are lin-
early independent we can deal directly with homogeneous parts F(ν)m = α
r
(ν)m
without
lost of generality.
Now, if we enter the ansatz (4) into (3) and use relation
αr(ν)m =
∫
γ
∑
A
∂αr
(ν)m
∂zA
(µ)qA
dzA(µ)qA
,
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where the integration path is given by γ(t) = (t · zA
(µ)qA
) for t ∈ 〈0; 1〉, then we get after
some math, Qr = q1 + · · · + qr,
β
(λ1)q1 :···:(λ
r )qr
A1...Ar (ν1)q1 ... (ν
r )qr (ν)
Qr
m
=
(m − Qr)!
(
r∏
i=1
qi!
)
r
× (5)
r∑
i=1
(
m
qi
)
(
n−m+qi
qi
)β (λ1)q1 :···:(µi)qi :···:(λr)qr
A1...Ar (µ1)q1 ... (µ
i)qi ... (µ
r )qr (µ)
Qr
m
δ
(µ1)q1 ...(λ
i)qi ...(µ
r )qr (µ)
Qr
m
(ν1)q1 ...(ν
i)qi ...(ν
r)qr (ν)
Qr
m
We can more specify coefficients β
(λ1)q1 :···:(λ
r )qr
A1...Ar (ν1)q1 ... (ν
r )qr (ν)
Qr
m
if we realize that
✚
✚
✚
✚❩
❩
❩
❩
∑
(λ1)q1 ...(λ
r)qr
∂rαr
(λ1)q1 ...(λ
r)qr (λ)
Qr
m
∂z
A1
(λ1)q1
. . . ∂z
Ar
(λr)qr
=
✚
✚
✚
✚❩
❩
❩
❩
∑
(λ1)q1 ...(λ
r)qr
β
(λ1)q1 :···:(λ
r)qr
A1...Ar (λ1)q1 ... (λ
r)qr (λ)
Qr
m
= ΓA1...Ar (λ)Qrm ((λ)m)
does not depend on zA
(λ)qA
. On the other hand at this moment we do not know whether
Γ term is same for all (λ)m or not, hence we write this dependence explicitly. We have
(no silent multi-index summation!)
β
(λ1)q1 :···:(λ
r)qr
A1...Ar (ν1)q1 ... (ν
r )qr (ν)
Qr
m
=
m!
(Qr − m)!
∑
(λ)
Qr
m
δ
(λ1)q1 ...(λ
r)qr (λ)
Qr
m
(ν1)q1 ...(ν
r)qr (ν)
Qr
m
Γ
A1...Ar (λ)
Qr
m
((ν)m). (6)
Now, if we enter (6) into (5) we find out
Γ
A1...Ar (ν)
Qr
m
((ν)m) = ΓA1...Ar (ν)Qrm .
⊓⊔
2.2 d-jet Bundles
Graded manifold Y plays role of the basic playground where all possible physi-
cal configurations or states are given by set of all possible finite families of local
smooth sections {ϕi}i∈I , i.e. maps ϕi : Dϕi ⊂ M → Y, pM, Y ◦ ϕi = id, with suitable
overlapping conditions on Dϕi ∩ Dϕ j and covering definition ranges∪
i∈I
Dϕi = M. We
denote the set of local sections by Sec0(M, Y) while Sec(M, Y) is used for the set of
global sections,i.e. set of those mappings ϕ ∈ Sec0(M Y) having definition range Dϕ
equal to M. Local section ϕ ∈ Sec0(M, Y) defines a submanifold ϕ(Dϕ) ⊂ Y given
locally by
(
xµ(x), yAϕ(x)
)
. Two sections ϕ, ϕ′ ∈ Sec0(M, Y) are equivalent ϕ
x˜ ϕ′ in
the point x ∈ Dϕ ∩ Dϕ′ ⊂ M if ϕ(x) = ϕ
′(x), i.e.
(
xµ(x), yAϕ(x)
)
=
(
xµ(x), yAϕ′ (x)
)
, and
dyAϕ(x) = dy
A
ϕ′ (x), where d is the exterior derivative on M. If the equivalence class of
ϕ(x) is denoted
[
ϕ
]
x then the set defined by
JY :=
⋃
x∈M
ϕ∈Sec0(M,Y)
[
ϕ
]
x
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is the manifold which can be locally described by coordinates (xµ, yA, vA) where vA,
the generalized velocities of yA, are (q+1)-formson M. The projectionpY, JY : JY→ Y,
given by pY, JY : (x
µ, yA, vA) 7→ (xµ, yA), turns JY into the fibre bundle and the chain
JY
pY, JY
−→ Y
pM, Y
−→ M is called d-jet triple.
Let ϕ ∈ Sec0(M, Y) then jϕ : M→ JY defined by
jϕ : x 7→
[
ϕ
]
x =
(
xµ(x), yAϕ(x), dy
A
ϕ(x)
)
is a section on the bundle pM, Y ◦ pY, JY = pM, JY : JY→ M called the d-jet prolongation
of ϕ. Section of the bundle pM, JY : JY→ M is called holonomic if it is d-jet prolonga-
tion of some section of the bundle pM, Y : Y → M. If for ∀A we have q = 0 then d-jet
bundle reduces into the first jet bundle. For q = n the d-jet bundle is trivial, since
every M horizontal (n + 1)-form on M is trivially vanishing, thus JY ≃ Y.
Let JY → Y → M and JZ → Z → N be two d-jet triples and let there exists
a homomorphism between bundles Y → M and Z → N, i.e. two diffeomorphisms
ηNM : M → N and ηZY : Y → Z tied by ηNM ◦ pM, Y = pN, Z ◦ ηZY. If ϕ ∈ Sec0(M, Y), then
ηZY ◦ ϕ ◦ (ηNM)
−1 is a section on Z → N. If for every point ∀x ∈ M and for arbitrary
two equivalent sections ϕ x˜ ϕ′ ∈ Sec0(M, Y) the structural condition
ηZY ◦ ϕ ◦ (ηNM)
−1 ηNM (x)
˜ ηZY ◦ϕ
′ ◦ (ηNM)
−1 (7)
is satisfied, then it is possible to prolong the map ηZY to the d-jet part of the triples by
ηJZJY ≡ jηZY :
[
ϕ
]
x 7→
[
ηZY ◦ ϕ ◦ (ηNM)
−1]
ηNM(x)
.
A tri-map η =
(
ηNM, ηZY, jηZY
)
:
(
M, Y, JY
)
→
(
N, Z, JZ
)
is called d-jet homomorphism.
We write η ∈ Hom(Y, Z), or simply ηZY ∈ Hom(Y, Z). In the case when two d-jet
triples coincide then the tri-map η is called d-jet automorphism and set of all d-jet au-
thomorphisms is denoted by Aut(Y). In general, it may happen that the inverse maps
(η−1
N,M, η
−1
ZY
) are not d-jet homomorphism, see example given by transformations (53)
and (54). In the case when the inverse maps (η−1
N,M, η
−1
ZY
) are also d-jet homomorphism
then the tri-map η =
(
ηNM, ηZY, jηZY
)
is called d-jet diffeomorphism and set of all d-jet
diffeomorphisms is denoted by d-Diff(Y).
Let η =
(
ηNM, ηZY, jηZY
)
∈ Hom(Y, Z) be d-jet homomorphism from Y to Z then
by definition ηZY is diffeomorphism, i.e. infinitely many times differentiable map, but
it does not mean that ηZY is (in)finitely many times simply differentiable. Follow-
ing theorem says how general d-jet homomorphism can be characterised within the
notion of the simple differentiation.
Theorem 2 Bundle homomorphism (ηNM, ηZY) can be extended into d-jet homomor-
phism if and only if
ηNM :
(
xµ
)
7→
(
x¯µ¯ = (ηNM)
µ¯(xµ)
)
,
ηZY :
(
xµ, yA) 7→
(
x¯µ¯ =
(
ηNM)
µ¯(xµ
)
, y¯A¯ =
(
η−1NM
)∗
Y
A¯
(xµ, yA)
)
,
where each Y
A¯
∈ Sec(Y, ΛY) is simply differentiable M-horizontal form on Y.
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Proof Let (xµ, yA = yA
(µ)q
dx(µ)q ) or (x¯µ¯, y¯A¯ = y¯A¯
(µ¯)q¯
dx¯(µ¯)q¯) be local coordinates on bundle
Y→ M or Z→ N, respectively, then (ηNM, ηZY) is bundle homomorphism if and only if
it looks like
ηNM :
(
xµ
)
7→
(
(ηNM)
µ¯(xµ)
)
,
ηZY :
(
xµ, yA(µ)q) 7→
((
ηNM)
µ¯(xµ
)
, ZA¯
(
xµ, yA(µ)q
))
.
Now, let ϕ ∈ Sec0(M, Y) be arbitrary section given locally ϕ(x) =
(
xµ(x), yAϕ(x)
)
≡(
xµ, yA
(µ)q
(
xµ
))
, then section on Z→ N is given by
ηZY ◦ ϕ ◦ (ηNM)
−1(x¯) =
(
x¯µ¯(x¯), ZA¯(µ¯)q¯
(
xµ(x¯), yA(µ)q
(
xµ(x¯)
)))
,
=
(
x¯µ¯(x¯), ZA¯ϕ(x¯)
)
,
where xµ(x¯) =
(
η−1
NM
)µ
(x¯) for short. Now, if we set Y
A¯
= (ηNM)
∗ZA¯ and calculate dZA¯ϕ
then we get
(ηNM)
∗dZA¯ϕ = dY
A¯
ϕ = Y¯
A¯
(λ)q¯,ν
dxν ∧ dx(λ)q¯ +
∂Y¯ A¯
(λ)q¯
∂yA
(µ)q
yA(µ)q ,νdx
ν ∧ dx(λ)q¯ .
Structural condition (7) yields that dZA¯ϕ should depends only on antisymmetric part of
yA
(µ)q ,ν
. Since index ν is summarized with dxν we have that the last term should looks
like
∂Y¯ A¯
(λ)q¯
∂yA
(µ)q
yA(µ)q,νdx
ν ∧ dx(λ)q¯ = yA(µ)q,νdx
ν ∧ dx(µ)q ∧ QA¯
A(λ)
q¯
q
dx(λ)
q¯
q .
This condition is satisfied if only if q ≤ q¯ and
∂Y¯ A¯
(λ)q¯
∂yA
(µ)q
=
(
q¯
q
)
δ
(µ)q
[(λ)q
QA¯
A(λ)
q
q¯]
or
∂Y¯ A¯
(λ)q¯
∂yA
(µ)q
= 0. Using this formula in Taylor expansion of Y¯
A¯
yields immediately that Y¯
A¯
is simply differentiable. Proof of opposite implication is straightforward, hence we
leave it for reader.
⊓⊔
2.3 Duals of d-jet bundles
Let us introduce a dual of the d-jet bundle. It plays an important role in the covariant
hamiltonian formalism. It can be seen that vA-part of coordinates on the d-jet bundle
transforms for general d-jet diffeomorphism in affine way. In other words vA behaves
as point in affine space rather than vector. So, if one wants to talk about dual of
vA-space then one must consider its affine dual. For the purposes of the covariant
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hamiltonian formalism it is the most suitable to consider affine maps to the space ΛnM
of n-forms on M. Using (2) we see that these can be labeled by (n − q − 1)-forms pA
and n-form h where the affine map α is given by
α(vA) = (−1)n−qpA ∧ v
A + h.
The factor (−1)n−q is chosen in such way that the local covariant Poisson bracket
constructed in the next section among canonically conjugated coordinates yA, pB is
equal to identity, see lemma 6. So, the dual JY∗ of the d-jet bundle JY is defined as a
fibre bundle pY, JY∗ : JY
∗ → Y locally described by coordinates as (xµ, yA, pA, h).
There can be constructed a couple of forms on the d-jet dual JY∗. The first canonical
n-form, called the kinematical Cartan-Poincare´ form, is defined as
θ = (−1)n−qpA ∧ dy
A + h (8)
and the second canonical (n + 1)-form, called the kinematical multisymplectic form,
is given by
ω = −dθ = (−1)n−q−1dpA ∧ dy
A − dh. (9)
The word ’multisymplectic’means following. Let (F,ω) be a pair of manifold equipp-
ed with nondegenerate, i.e. mapping v ∈ TF 7→ ivω has only trivial kernel, closed
(n + 1)-form ω on F, n < dim F, then the pair (F,ω) is called the multisymplectic
manifold. We assume that ω is also exact, i.e. there exists the n-form Θ, such that
ω = −dΘ. It is obvious that if n = 1 (spacetime is only time), then the definition
reduces to the usual definition of the symplectic manifold.
2.4 Covariant Legendre Transformation
In mechanics the Legendre transformation relates the velocities with the canonical
momenta and the Lagrangian with the Hamiltonian. Such transformation is driven by
the Lagrange function. In the multisymplectic context it is similar. Lagrange function
L : (xµ, yA, vA) 7→ L(xµ, yA, vA) ∈ ΛnM is a map from the d-jet bundle JY to the space
of n-forms on M. Let γ, γ0 ∈ JYy := (pY, JY)
−1(y) then the affine approximation of the
Lagrangian in the point γ0 on JYy
L(γ) ≃ L(γ0) +
∂RL
∂ vA
(γ0) ∧ (w
A − vA),
where γ = (xµ, yA, wA) and γ0 = (x
µ, yA, vA), defines an element of the d-jet dual JY∗
by
−L(γ) ≃ −L −
∂RL
∂ vA
∧ (wA − vA) = (−1)n−qpA ∧ w
A + h.
So, the Legendre transformation FL is a map from JY to its d-jet dual JY∗ given by
FL : (xµ, yA, vA) 7→
(
xµ, yA, pA = (−1)
n−q−1 ∂
RL
∂ vA
, h =
∂RL
∂ vA
∧ vA − L
)
. (10)
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Let P ⊂ JY∗ be a submanifold of the d-jet dual defined as an image of the Legendre
transformation, i.e. P := FL(JY), and let FLP be FL considered as a map onto P. If
FLP : JY → P is a diffeomorphism then the Lagrangian is called regular and then
there also exists its inverse FL−1P : P → JY which allows to express the general-
ized velocities vA as functions of xµ, yA, pA. The fibre bundle pY, P : P → Y is called
the dynamical phase bundle, or simply the phase bundle. The phase bundle P is lo-
cally described by the coordinates (xµ, yA, pA), where the coordinates pA are called
the canonical momenta. From now until the section 4 we are dealing with regular
Lagrangians only.
There can be defined the canonical forms in regular case by using the canonical
forms on JY∗ and the Legendre transformation. The (dynamical) Cartan-Poincare´ n-
form Θ on P is
Θ := θ|
P
= (−1)n−qpA ∧ dy
A + H, (11)
where M-horizontal map H : P→ ΛnP is the Hamiltonian defined by
H ◦ FL =
∂RL
∂ vA
∧ vA − L. (12)
The (dynamical) multisymplectic (n + 1)-form is given in a standard way as
Ω := −dΘ = (−1)n−q−1dpA ∧ dy
A − dH. (13)
2.5 Equations of Motion, Symmetry Group and Noether’s Charges
The main goal of this subsection is to derive the covariant Hamilton equations of
motion from the variational action principle, find the relation between them and the
symmetry group of the system. This relation rarely exists, so the sufficient conditions
should be derived. It will be shown in the next section that in the case of the Einstein-
Cartan theory the conditions are satisfied. From now due to simplicity we suppose
that the bundle Y → M is trivial. Therefore JY → M, JY∗ → M and P → M are
also trivial. Let ϕ ∈ Sec(M, P) be the section of the phase bundle P → M. Then the
Lagrangian evaluated on the sectionϕ is given by the pullback of the Cartan-Poincare´
n-form Θ
L(xµ, yAϕ, p
ϕ
A
, dyAϕ) = −ϕ
∗(Θ) = (−1)n−q−1p
ϕ
A
∧ dyAϕ − H(x
µ, yAϕ, p
ϕ
A
). (14)
The action of the system in the state given by the section ϕ on the spacetime interval
MI = ∪t∈IΣt, where I = 〈tini, t f in〉, is given by
SI(ϕ) =
∫
MI
−ϕ∗(Θ). (15)
There exists a following theorem[11]
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Theorem 3 Section ϕ ∈ Sec(M, P) is a stationary point of the action integral (15) if
and only if for all vector fields v ∈ Sec(P, TP) on the phase bundle P the following
expression is satisfied
ϕ∗(ivΩ) = 0. (16)
Proof A variation of the action integral (15) is, where ϕ + δϕ =
(
xµ(x), yAϕ(x) +
δyA(x), p
ϕ
A
(x) + δpA(x)
)
means small variation of the section ϕ,
δSI(ϕ) =
∫
MI
[
δpA ∧ ϕ
∗
(
(−1)n−q−1dyA −
∂LH
∂ pA
)
+ϕ∗
(
− dpA −
∂RH
∂ yA
)
∧ δyA
]
.
The stationarity condition of (15) yields the covariant Hamilton equations
0 = ϕ∗
(
(−1)n−q−1dyA −
∂LH
∂ pA
)
= (−1)n−q−1dyAϕ(x) −
∂LH
∂ pA
(
xµ(x), yAϕ(x), p
ϕ
A
(x)
)
,
(17)
0 = ϕ∗
(
− dpA −
∂RH
∂ yA
)
= − dp
ϕ
A
(x) −
∂RH
∂ yA
(
xµ(x), yAϕ(x), p
ϕ
A
(x)
)
.
Let v ∈ Sec(P, TP) be arbitrary vector field on P. It can be expressed as
v = ξµ∂µ + v
A
(ν)q
∂yA
(ν)q
+ wA (ν)q+1∂pA (ν)q+1 ≡ ξ + v
A∂yA + wA∂pA
Action of the interior product of v with the dynamical multisymplectic form Ω is
given by
ivΩ = wA ∧
(
(−1)n−q−1dyA −
∂LH
∂ pA
)
−
(
− dpA −
∂RH
∂ yA
)
∧ vA −
−iξ
{(
− dpA −
∂RH
∂ yA
)
∧
(
(−1)n−q−1dyA −
∂LH
∂ pA
)}
+ (18)
+iξ
(
∂RH
∂ yA
∧
∂LH
∂ pA
)
The last term is vanishing since the object in the bracket is horizontal (n + 1)-form
over M. The rest is obvious. If the pullback of ivΩ along ϕ ∈ Sec(M, P) is vanishing
for arbitrary v then
ϕ∗(ivΩ) = 0 ⇒ ϕ
∗
(
(−1)n−q−1dyA −
∂LH
∂ pA
)
= 0 and ϕ∗
(
− dpA −
∂RH
∂ yA
)
= 0
which means the section ϕ must satisfy the Hamilton equations (17). And vice versa
if the equations (17) are satisfied then ϕ∗(ivΩ) = 0 for arbitrary v ∈ Sec(P, TP). ⊓⊔
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Let G be a certain subgroup of the group of all d-jet diffeomorphisms d-Diff(P) on the
phase bundle P→ M and let for all flows ηP : G×→ G there exists generating vector
field v ∈ Sec(P, TP). Linear span of such vector fields forms Lie algebra alg(G) ⊂
Sec(P, TP) of the group G. The group is called symmetry of the physical system if
every element ηP ∈ G keeps the dynamical Cartan-Poincare´ n-form Θ invariant
(η−1P )
∗Θ = Θ (19)
For arbitrary vector v ∈ alg(G) this condition yields
£vΘ = 0. (20)
Let Q ∈ Sec(P, Λn−1P) be a (n − 1)-form on P and let there exists a vector field v ∈
Sec(P, TP) such that
ivΩ = dQ,
then v is the vector field associated to the (n − 1)-form Q. Since for ∀ϕ ∈ Sec(M, P)
ϕ∗(ivΩ) = dϕ
∗Q, (21)
the theorem 3 implies that if ϕ is the solution of the Hamilton equations (17) then
dϕ∗Q = 0, i.e.ϕ∗Q is a current of conserved quantity. This yields the famousNoether’s
theorem.
Theorem 4 Let G be the symmetry group of the physical system and let ϕ be the
solution of the Hamilton equations (17) then for arbitrary v ∈ alg(G) there exists
current Jv = (ivΘ), called Noether’s current, such that the equation dϕ
∗Jv = 0 is
satisfied.
Proof Condition (20) implies
0 = £vΘ = ivdΘ + divΘ ⇒ −ivdΘ = ivΩ = divΘ
This with the comments above proves the theorem. ⊓⊔
Now, turn our attention to the converse of this theorem. In the case when the sym-
metry group G is sufficiently large, this of course depends on the considered physical
system, the answer is in affirmative. Let algp(G) = Span
{
v|
p
∈ TpP; v ∈ alg(G)
}
denote
a vector space spanned on vectors of the Lie algebra alg(G) settled in the point p ∈ P.
Group G ⊂ d-Diff(P) is called vertically transitive[11] if VpP ⊂ algp(G) for ∀p ∈ P.
Theorem 5 Let G be vertically transitive symmetry group of the system and let for
ϕ ∈ Sec(M, P) the condition
∀v ∈ alg(G) : dϕ∗Jv = 0
be satisfied, then ϕ is a solution of the Hamilton equations (17).
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Proof Since VpP ⊂ algp(G) for ∀p ∈ P then for all v ∈ alg(G) such that v|p = v
A∂yA +
wA∂pA ∈ VpP one gets
dJv|p = ivΩ|p =
(
wA ∧
(
(−1)n−q−1dyA −
∂LH
∂ pA
)
−
(
− dpA −
∂RH
∂ yA
)
∧ vA
)∣∣∣∣∣∣
p
.
The pullback along the section ϕ ∈ Sec(M, P) gives
(
dϕ∗Jv)
∣∣∣
x
= ϕ∗
(
wA ∧
(
(−1)n−q−1dyA −
∂LH
∂ pA
)
−
(
− dpA −
∂RH
∂ yA
)
∧ vA
)∣∣∣∣∣∣
x
= (ϕ∗wA)
∣∣∣
x
∧
(
ϕ∗
(
(−1)n−q−1dyA −
∂LH
∂ pA
) )∣∣∣∣∣∣
x
−
(
ϕ∗
(
− dpA −
∂RH
∂ yA
) )∣∣∣∣∣∣
x
∧ (ϕ∗vA)
∣∣∣
x
Now, it is easy to see, that the arbitrariness of v|
p
∈ Vp(P) and the condition
(
dϕ∗Jv
)∣∣∣
x
=
0 for all x ∈ M imply that ϕ is the solution of the Hamilton equations (17). ⊓⊔
Group G ⊂ d-Diff(P) is called localizable if for every pair (Σ1,Σ2) of disjoint em-
beddings of Σ and every vector v ∈ alg(G) there exists vector w ∈ alg(G) such that
v|
Σ1
= w|
Σ1
and w|
Σ2
= 0. Localizable symmetry group is called gauge group. With
these in hands we can formulate the second Noether’s theorem of integral formulation
of the equations of the motion.
Theorem 6 Let G be the vertically transitive gauge group of the physical system.
Section ϕ ∈ Sec(M, P) is the solution of the Hamilton equations of motion (17) if and
only if for ∀v ∈ alg(G) and all embeddingsΣ0 ofΣ into M the integral∫
Σ0
ϕ∗Jv = 0
is vanishing.
Proof If the integral
∫
Σ0
ϕ∗Jv = 0 is vanishing for all embeddingsΣ0 and all currents
Jv then we have for arbitrary foliation MI ≃ Σ × I, where I = 〈tini, tfin〉, an identity
0 =
∫
Σfin
ϕ∗Jv −
∫
Σini
ϕ∗Jv =
∮
∂MI
ϕ∗Jv
=
∫
MI
d(ϕ∗Jv).
The arbitrariness of the foliation MI implies for all Jv
0 = d(ϕ∗Jv)
and due to theorem 5 the section ϕ is the solution of the Hamilton equations of
motion.
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Conversely if the section ϕ ∈ Sec(M, P) is the solution of the Hamilton equations
then 0 = d(ϕ∗Jv) for all Jv and therefore
0 =
∫
Σfin
ϕ∗Jv −
∫
Σini
ϕ∗Jv.
Since G is localizable we may choose v being vanishing onΣini and hence
0 =
∫
Σfin
ϕ∗Jv
and arbitrariness ofΣfin yields the result. ⊓⊔
NOTE: The compactness of Σ plays crucial role in the theorem, if Σ is noncom-
pact then one must take into account boundary terms, e.g. for asymptotically flat
spacetimes these yield in general nonvanishing global charges (Energy-momentum
”tensor” at infinity, total electric charge,. . . ).
3 Local Covariant Poisson Brackets
In the canonical quantization Poisson bracket plays a crucial role. Indeed, a certain
set of basic kinematical variables equipped with Poisson bracket forms an algebra,
called fundamental, and the first step of any approach to the quantization is to find
its representation on an appropriate Hilbert space. Therefore it is important to intro-
duce Poisson bracket also in the field theory. As we will see we can define two types
of brackets in the field theory (n ≥ 2). The first one, called local covariant Poisson
bracket, is defined in every point of the phase space. Representation of the local fun-
damental algebra can be viewed as the first quantization in the context of the covariant
quantization, but usually this step is called pre-quantization[15,16]. The task of the
section is to define local covariant Poisson bracket among covariant observables and
also explore some of their algebraic properties.
In the previous section we have introduced two basic multisymplectic manifolds
associated with the given physical system. The first one given by the d-jet dual JY∗
and its canonical multisymplectic form ω defined in (9) was playing role in the kine-
matical description. The second one given by the image of the Legendre transforma-
tion P = FL(JY) equipped with the multisymplectic form Ω defined in (13) was used
for the formulation of the Hamilton equations of motion (17). For a while we are
not going to distinguish between them and explore some of their algebraic properties
simultaneously. Let pM, F : F → M be given fibre bundle over the spacetime M, e.g.
F = JY∗ or F = P, and let there be given exact (n+ 1)-multisymplectic form ω = −dθ
over it, e.g. ω = ω for JY∗ or ω = Ω for P. In standard symplectic space there is as-
sociated the hamiltonian vector field to every hamiltonian observable and it is similar
in the multisymplectic case. We say that v ∈ Sec(F, TF) is hamiltonian vector field if
there exists hamiltonian (n − 1)-form, or observable, Q ∈ Sec(F, Λn−1F) such that
ivω = dQ. (22)
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Set of all hamiltonian vector fields or set of all hamiltonian (n − 1)-forms is denoted
by Ham1ωTF or Ham
n−1
ω F, respectivelly. (Q, v) is called hamiltonian pair on F if (Q, v) ∈
Hamn−1ω F × Ham
1
ωTF and (Q, v) are related by (22).
The local covariant Poisson bracket for observables Q1, Q2 ∈ Ham
n−1
ω F is defined by
[13]
{[Q1, Q2]} = iv1 iv2ω + d
(
iv1Q2 − iv2Q1 − iv1 iv2Θ
)
, (23)
where v1, v2 ∈ Ham
1
ωTF are hamiltonian vectors related to Q1, Q2, respectively. The
local covariant Poisson bracket defined in [13] is equal up to the sign to local co-
variant Poisson bracket defined here and bracket in [13] is also defined for, so-called,
Poisson forms with degrees less then n − 1, but it is sufficient for our purposes to
consider only (23). Local Poisson bracket defined by (23) satisfied Jacobi identity,
[13] theorem 3.8,
{[Q1, {[Q2, Q3]}]} + {[Q3, {[Q1, Q2]}]} + {[Q2, {[Q3, Q1]}]} = 0,
where Q1, Q2, Q3 ∈ Ham
n−1
ω F. We should note here that (Ham
n−1
ω F, {[., .]}) is Lie algebra
only, since there is no multiplication on Hamn−1ω F.
We have seen in the previous section that Noether’s currents Jv are generated by
vector fields preserving Cartan-Poincare´ form θ, i.e. if £vθ = 0 then for ivθ = Jv we
have ivω = dJv. There already exists Lie algebra defined on the set of all Noether’s
vector fields with product given by Lie bracket [[, ]] on TF. This algebra is naturally
represented on the set of all Noether’s currents.
Lemma 1 Let v1, v2 be Noether’s vectors, i.e. satisfying £v1θ = £v2θ = 0, then (23)
yields
{[Jv1 ,Jv2]} = J[[v1,v2]], (24)
where [[., .]] means Lie bracket on TF.
Proof Direct calculation yields
{[Jv1 ,Jv2]} = −iv1 iv2dθ − div2 iv1θ
= −iv2div1θ − div2 iv1θ
= −£v2 iv1θ = i[[v1,v2]]θ = J[[v1,v2]],
where we used relation i[[v1,v2]] = £v1 iv2 − iv2£v1 . ⊓⊔
We have constructed two different multisymplectic structures for given physical sys-
tem (Y, L). Now, we are curious how these structures are related. Let (F = JY∗,ω)
with related algebra of observables (Hamn−1ω F, {[ , ]}ω) or (P, Ω) with (Ham
n−1
Ω
P, {[ , ]}Ω)
be kinematical or dynamical multisymplectic manifold, respectively. Since F or P
can be locally coordanized by (xµ, yA, pA, h) or (x
µ, yA, pA), respectively, we have a
bundle chain
F
pP, F
−→ P
pM, P
−→ M and pM, F = pM, P ◦ pP, F.
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Phase space P can be embedded into the kinematical multisymplectic space F by
Hamilton map FH : P→ F defined by
FH : (x, yA, pA) 7→ (x, y
A, pA, h = H), (25)
where H is Hamiltonian defined by (12).
Let v ∈ TF or v ∈ TP then we say that v is M-vertical if (pM, F)∗v = 0 or (pM, P)∗v = 0
and we denote subbundle of such vectors by M-VF ⊂ TF or M-VP ⊂ TP, respectively.
Vector v ∈ TF is called H-vertical if (pP, F)∗v = 0 and subbundle of such vectors is
denoted by H-VF ⊂ TF. (p)∗v means pushforward of the vector v along map p. Let
α ∈ ΛF or α ∈ ΛP we say that α is M-horizontal if α is annihilated by all M-vertical
vectors and subbundle of such forms is denoted by M-horF ⊂ ΛF or M-horP ⊂ ΛP,
respectivelly. Let α ∈ ΛF we say that α is H-horizontal if α is annihilated by all H-
vertical vectors and subbundle of such forms is denoted by H-horF ⊂ ΛF.
Let Q ∈ Hamn−1ω F be kinematical observable on F and v ∈ Ham
1
ωTF be its related
hamiltonian vector. Since relation between bundles F and P is given by projection
pP, F and Hamilton map FH it is important to explore how general Q depends on h. Let
us denote h = h¯dΣ. We can decompose Q as
Q = α + dh¯ ∧ β, (26)
where α ∈ Sec(F, H-horn−1F) and β ∈ Sec(F, H-horn−2F) are certain H-horizontal
form fields on F. Following lemma shows that we can consider each obserable Q ∈
Hamn−1ω F to be H-horizontal without lack of generality and therefore Ham
n−1
ω F denotes
a set of such H-horizontal observables when the proof of the statement is done.
Lemma 2 Let Q ∈ Hamn−1ω F be general kinematical observable on (F,ω) and v =
ξ + w + u∂h ∈ Ham
1
ωTF be its hamiltonian vector field then upto exact term
Q = QP + iξ(h − H), (27)
where QP is h-independent H-horizontal (n − 1)-form.
Proof Let Q ∈ Hamn−1ω F and let v ∈ Ham
1
ωTF be its associated hamiltonian vector field,
which can be written as
v = ξµ∂µ + w
A
(µ)q
∂yA
(µ)q
+ wA(µ)q+1∂pA(µ)q+1 + u¯∂h¯,
= ξ + wA∂yA + wA∂pA + u∂h, (28)
= ξ + w + u∂h.
(22) and (26) yield
dPα + dh¯ ∧
( ∂α
∂h¯
− dPβ
)
= iξ(−1)
n−q−1dpA ∧ dy
A + dh¯ ∧ iξdΣ
+iw(−1)
n−q−1dpA ∧ dy
A − u,
(29)
where we used notation
dPα = dxµ ∧ £∂µα + dy
A
(µ)q
∧ £∂
yA
(µ)q
α + dpA(µ)q+1 ∧ £∂p
A(µ)q+1
α
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for short. If we compare terms containing dh¯ in (29) we get
iξdΣ =
∂α
∂h¯
− dPβ,
or
Q = QP +
h¯∫
H¯
(
iξdΣ + d
Pβ
)
dh¯ + dh¯ ∧ β,
where QP = (pP, F)
∗(FH)∗α is h¯-independent H-horizontal (n − 1)-form and H = H¯dΣ.
If we set γ =
h¯∫
H¯
dh¯ β then
Q = QP +
h¯∫
H¯
(
iξdΣ
)
dh¯ + dPγ + dh¯ ∧
∂γ
∂h¯
= QP +
h¯∫
H¯
(
iξdΣ
)
dh¯ + dγ.
Its exterior derivative is
dQ = dPQP + dh¯ ∧ iξdΣ + d
P
h¯∫
H¯
(
iξdΣ
)
dh¯.
Since the last term is at most linear in dyA and dpA we see that the term d
PQP contains
complete information about term iξ(−1)
n−q−1dpA ∧ dy
A in (29), hence ξ does not
depent on h¯. Thus, we can write
Q = QP + iξ(h − H) + dγ.
⊓⊔
The next important property of hamiltonian flows on F or P is that they define homo-
morphisms on the bundle F→ P→ M or P→ M, respectively.
Lemma 3 Let v ∈ Ham1ωTF be hamiltonian vector of observable Q
F ∈ Hamn−1ω F then
the chain of vectors v = ξ + w + u∂h → ξ + w→ ξ is projectable on F→ P→ M.
Let V ∈ Ham1ΩTP be hamiltonian vector of observable Q
P ∈ Hamn−1
Ω
P then the chain
of vectors V = Ξ + W→ Ξ is projectable on P→ M.
Proof Relation (22) yields divω = 0 for F or diVΩ = 0 for P, respectively. We have
d
[
iξ(−1)
n−q−1dpA ∧ dy
A
]
−diξdh+(−1)
n−q−1
(
dwA ∧ dy
A+dpA ∧ dw
A
)
−du = 0 (30)
for F or
d
[
iΞ(−1)
n−q−1dpA ∧ dy
A
]
−diVdH+(−1)
n−q−1
(
dWA ∧ dy
A+dpA ∧ dW
A
)
= 0 (31)
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for P, respectively.
Since ξ does not depend on h and only the first term in (30) is cubic in dyA
(µ)q
and
dpA (µ)q+1 we have
(−1)n−q−1
dyB(ν)q ∂ξν∂yB
(ν)q
+ dpB (ν)q+1
∂ξν
∂pB (ν)q+1
 ∧ i∂ν (dpA ∧ dyA) = 0.
We see that ξ depends on xµ only. The second term in (30) can be canceled only by dh¯-
part of the forth term. This yields that dh¯-part of the third term should be vanishing,
i.e. w does not depend on h. Therefore the chain of vector fields v → ξ + w → ξ on
F→ P→ M is projectable.
Similarly for P we have
(−1)n−q−1
dyB(ν)q ∂Ξν∂yB
(ν)q
+ dpB (ν)q+1
∂Ξν
∂pB (ν)q+1
 ∧ i∂ν (dpA ∧ dyA) = 0
and therefore the chain V = Ξ + W→ Ξ is projectable on P→ M. ⊓⊔
Lemma 4 Let QF1, Q
F
2 ∈ Ham
n−1
ω F and (pP, F)
∗(FH)∗QF1 = (pP, F)
∗(FH)∗QF2 then Q
F
1 = Q
F
2.
Proof Let vi = ξi+wi+ui∂h be the decomposition, similar to (28), of the hamiltonian
vector vi ∈ Ham
1
ωTF associated to the observable Q
F
i ∈ Ham
n−1
ω F, where i = 1, 2. Each
QFi can be written as
QFi = QP + Qi, where QP = (pP, F)
∗(FH)∗QFi .
For Qi = iξi (h − H) we get
dQFi = dQP + diξi (h − H) (32)
and also
iviω = −iξidh + iξi (−1)
n−q−1dpA ∧ dy
A + iwi(−1)
n−q−1dpA ∧ dy
A − ui. (33)
Since the second term iξi (−1)
n−q−1dpA ∧ dy
A in (33) can be canceled only by part of
dQP in (32) we have that ξ1 = ξ2 and therefore Q1 = Q2. ⊓⊔
This lemma shows that there exists at most one observable QF ∈ Hamn−1ω F for given
form QP ∈ Sec(P, Λn−1P) over P and vice versa Hamn−1ω F defines subspace of kinemat-
ical observables Hamn−1ω P = (FH)
∗Hamn−1ω F in the set of all (n− 1)-forms Sec(P, Λ
n−1P)
on dynamical phase space P. Let QPi ∈ Ham
n−1
ω P and let Q
F
i be its kinematical extension
on F then we can define the local kinematical Poisson bracket on Hamn−1ω P by
{[QP1, Q
P
2]}
P
ω = (FH)
∗{[QF1, Q
F
2]}ω. (34)
and get Lie algebra of kinematical observables (Hamn−1ω P, {[., .]}
P
ω) on the dynamical
phase space P.
It seems that we have two local Poisson brackets on dynamical phase space P:
kinematical algebra (Hamn−1ω P, {[., .]}
P
ω) just defined and (Ham
n−1
Ω
P, {[., .]}Ω) as dynamical
algebra. Problem is that the dynamical bracket {[., .]}P
Ω
depends on the Hamiltonian.
Covariant Quantum Gravity I: Covariant Hamiltonian Framework 21
Due to (21) and theorem 3 the dynamical observables are constants of motion we
are not able to measure any local information deppending on time evolution only by
them. We will show in the next lemma 5 that the dynamical algebra (Hamn−1
Ω
P, {[., .]}Ω)
is subalgebra in (Hamn−1ω P, {[., .]}
P
ω) therefore the bracket defined by (34) extends the
algebra of observables (Hamn−1
Ω
P, {[., .]}Ω) on the dynamical phase space P.
Before we do that let us introduce following notation. If we denote
dξ = ξ
µ
,νdx
ν ⊗ ∂µ
for ξ ∈ Sec(M, TM) then we can consider dξ to be object, not tensor, of the set of vector
valued forms[18], where the interior product of vector valued r-form β =
∑
a
αa ⊗va ∈
ΛrxX ⊗ TxX over x ∈ X, where X is general manifold, and ∀a : αa ∈ Λ
r
xX, va ∈ TxX is
definend for ∀θ ∈ ΛxX by
iβθ =
∑
a
αa ∧ ivaθ.
Lemma 5 (Hamn−1
Ω
P, {[., .]}Ω) is subalgebra in (Ham
n−1
ω P, {[., .]}
P
ω).
Proof Let QP ∈ Hamn−1
Ω
P and V ∈ Ham1TP be its associated hamiltonian vector. Goal
is to find QF ∈ Hamn−1ω F with associated vector v = ξ + w + u∂h ∈ Ham
1
ωF such that
(FH)∗QF = QP. We already know that if QF exists then it looks like QF = (pP, F)
∗QP +
iξ(h − H). We have
ivω = dQ
F,
iv
(
(pP, F)
∗Ω − d(h − H)
)
= (pP, F)
∗(iVΩ) + idξ(h − H) − iξd(h − H),
iv
(
(pP, F)
∗Ω
)
− u + iwdH = (pP, F)
∗(iVΩ) + idξ(h − H).
Since v is H-projectable the last equation yields (pP, F)∗v = V and u = iwdH−idξ(h−H).
Therefore QF = (pP, F)
∗QP + iξ(h − H) is wanted extension for all ∀Q
P ∈ Hamn−1
Ω
P. We
have
{[QF1, Q
F
2]}ω = (pP, F)
∗{[QP1, Q
P
2]}Ω + i[[ξ1,ξ2]](h − H)
for ∀QPi ∈ Ham
n−1
Ω
P hence definition (34) yields directly {[QP1, Q
P
2]}
P
ω = {[Q
P
1, Q
P
2]}Ω. ⊓⊔
We set (Hamn−1F, {[., .]}) = (Hamn−1ω F, {[., .]}ω) and (Ham
n−1P, {[., .]}) = (Hamn−1ω P, {[., .]}
P
ω).
Let us construct some observables.
Lemma 6 For ∀piA ∈ Sec(M, Λ
n−q−1M), ∀ΞA ∈ Sec(M, ΛqM) forms
i) y(pi) = piA ∧ y
A,
ii) p(Ξ) = pA ∧ Ξ
A,
where we write piA = p
∗
M, F
piA and similar for Ξ
A, are observables on F. The one only
non-trivial local Poisson bracket is
{[piA ∧ y
A, pB ∧ Ξ
B]} = piA ∧ Ξ
A.
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Proof Direct calculation shows that vectors
v(pi) = piA∂pA − (dpiA ∧ y
A)∂h
and
v(Ξ) = −ξA∂yA − (−1)
n−q−1(pA ∧ Ξ
A)∂h
solve equation (22) for appropriate observables y(pi) and p(Ξ), respectively. Since
both observables are M-horizontal and their hamiltonian vectors are vertical on F→ M
we have from (23) immediately
{[p(Ξ), p(Ξ′)]} = {[y(pi), y(pi′)]} = 0
and
{[y(pi), p(Ξ)]} = iv(pi)d(pA ∧ Ξ
A) = piA ∧ Ξ
A.
⊓⊔
Lemma 7 There exist representation of Diff(M) on Hamn−1F generated by Noether’s
currents JF(ξ). JF(ξ) are defined for every ξ ∈ alg(Diff(M)) ≡ Sec(M, TM) by
JF(ξ) = (−1)n−qiξpA ∧ dy
A + pA ∧ diξy
A + iξh
and satisfy identities {[
JF(ξ),JF(ξ′)
]}
= JF
( [[
ξ, ξ′
]] )
, (35){[
y(pi),JF(ξ)
]}
= y(−£ξpi), (36){[
p(Ξ),JF(ξ)
]}
= p(−£ξΞ). (37)
Proof Let η ∈ Diff(M) then the map defined on kinematical bundle F by
ηF : (x, y
A, pA, h) 7→
(
η(x),
(
η−1(x)
)∗
yA,
(
η−1(x)
)∗
pA,
(
η−1(x)
)∗
h
)
can be extended into the d-jet diffeomorphism on F due to theorem 2. Let η(λ) ∈
Diff(M) be one-parameter group generated by vector field ξ ∈ alg(Diff(M)) then its
d-jet extension ηF is generated by vector
w(ξ) = ξ − idξy
A∂yA − idξpA∂pA − idξh∂h.
Since £w(ξ)θ = 0 hence J
F(ξ) = iw(ξ)θ is kinematical Noether’s charge. We have[[
w(ξ), w(ξ′)
]]
= w
( [[
ξ, ξ′
]] )
therefore lemma 1 yields (35). If we use that JF(ξ) is
Noether’s charge then the bracket (23) can be reduced into the form
{[Q,JF(ξ)]} = −£w(ξ)Q
and relations £w(ξ)y
A = £w(ξ)pA = 0 imply (36) and (37) immediately. ⊓⊔
Theorem 7 General observable f on F can be locally decomposed as
f = JF(ξ) + Q + dα, (38)
where JF(ξ) is given by previous lemma 7, Q is M-horizontal simply differentiable
(n − 1)-form deppending only on x, yA, pA and α is arbitrary (n − 2)-form on F. If
each fibre Fx = p
−1
M, F
(x) is contractible then (38) holds globally.
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Proof Let u be general hamiltonian vector field associated to observable f and let u
be given by u = ξ + uA∂yA + uA∂pA + µ∂h. If we define vertical hamiltonian vector
field
v = u − w(ξ) = vA∂yA + vA∂pA + ν∂h,
then we can decompose f = JF(ξ)+Q˜, where Q˜ is independent of h and it is associated
with the vertical hamiltonian vector field v, i.e. we have
dQ˜ = ivω = (−1)
n−q−1vA ∧ dy
A − dpA ∧ v
A − ν. (39)
If we employ notation zI =
(
yA
(µ)q
, pA(µ)q+1
)
then we can write
Q˜ = q + dzI1 ∧ qI1 + · · · + dz
(I)n−1 ∧ q(I)n−1 ,
where q, . . . q(I)n−1 are M-horizontal (n − 1)-,. . . ,0- forms on F, respectively. We have
dQ˜ = dq − dzI ∧ (dzJ ∧ qI,J + d
MqI) + . . .
+(−1)n−1dz(I)n−1 ∧ (dzIn ∧ q(I)n−1 ,In + d
Mq(I)n−1 )
where dMq = dxµ ∧ £∂µq is horizontal part of the exterior derivative operator d. Re-
lation (39) yields dQ˜(v1, . . . , v j) = 0, where 1 < j ≤ n − 1, for all vertical vec-
tors ∀v1, . . . , vn ∈ VF. This is possible only if there exist on a fibre Fx = p
−1
M, F
(x)
locally, or if Fx is contractible then globally, M-horizontal q˜(I)n−2 such that q(I)n−1 =
(−1)n−2(n − 1)q˜[(I)n−2 ,In−1]. Thus, we can write
Q˜ = Qn−1 = q + dz
I1 ∧ qI1 + · · · + dz
(I)n−2 ∧ q(I)n−2 − (−1)
n−2dz(I)n−2 ∧ dMq˜(I)n−2
+d
(
dz(I)i−2 ∧ q˜(I)n−2
)
= Qn−2 + d
(
dz(I)i−2 ∧ q˜(I)n−2
)
.
If we continue in calculation of Qi’s until Q0 then we get Q˜ = Q0 + dα, where Q = Q0
is M-horizontal (n − 1)-form, keeping
ivω = (−1)
n−q−1vA ∧ dy
A − dpa ∧ v
A − ν = dQ.
Now, recall the proof of theorem 2 we see that Q is simply differentiable and we also
get
vA =
∂RQ
∂yA
,
vA = −
∂LQ
∂pA
, (40)
ν = −dMQ.
⊓⊔
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The local Poisson brackets among two M-horizontal observables Q1, Q2 can be ex-
pressed by relations (40) via
{[Q1, Q2]} =
∂RQ1
∂yA
∧
∂LQ2
∂pA
−
∂RQ2
∂yA
∧
∂LQ1
∂pA
.
This expression mimics the well known formula of the classical mechanics.
Theorem 7 shows that general observable f on F can be locally decomposed up
to the exact term as f = JF(ξ) + Q. Theorems 1, 2 and relations (40) yield that its
hamiltonian flow is d-jet diffeomorphism. Hence we see, that the hamiltonian flows
are homomorphisms in the category of d-jet bundles.
4 Einstein-Cartan Theory
4.1 Configuration Bundle of Einstein-Cartan Theory
In the theory of General Relativity or Einstein-Cartan theory the gravitational inter-
action is described through evolution of the geometry of the spacetime M ≃ Σ × .
Therefore we can consider the spacetime only as a topological manifold. For simplic-
ity we assume thatΣ is compact oriented boundaryless three dimensional manifold.
LetΣ0 be given embedding ofΣ in M. Σ0 splits M into two parts. We choose one
and denote its closure as M+
Σ0
. Closure of the complementar set is denoted as M−
Σ0
.
M¯
±
Σ0
denote one point compactifications of M±Σ0 and if ±∞ are added points called
future and past of M then two point compactification of M is defined as M¯ = {±∞} ∪ M.
Diffeomorphism sM : Σ ×→ M defines for each t ∈  an embedding t : Σ → M by
t(xΣ) = sM(xΣ , t), where xΣ ∈ Σ. If lim
t→±∞
s(xΣ , t) = ±∞ then the map sM is called
slicing of M. We say that curve γ on M is topologically causal, or t-causal, if there
exists a slicing sM of M such that the curve γ intersects every Σt = t(Σ) just once.
t-causal curve γ is called future oriented if lim
s→±∞
γ(s) = ±∞, where s is a parameter
on γ.
Let E denote a graded bundle of right-handed coframes over M, i.e. the fibre bundle
pM, E : E→ M of right-handed basis on the cotangent bundle T
∗M defined by
E =∪
x,e
ex,
where ex = (x, e
a) is right-handed base of the cotangent space T∗xM. Its typical fibre
E f ≃ Ex = p
−1
M, E
(x) is diffeomorphic with GL+(, 4) = {g ∈ GL+(, 4), det(g) > 0},
where the positive general linear group GL+(, 4) is considered as manifold, only. In
addition, we also assume that the topological shapes ofΣ are restricted in such a way
that the bundle E is trivial. General case will be discussed in the forthcomming parts
of the series.
In the Einstein-Cartan theory e ∈ E is interpreted as an orthonormal coframe settled
in the point x = pM, E(e). Since the orthonormal coframe e = (x, e
a) consists of M-
horizontal forms ea and TxM = pM, E∗TeE this defines a metric g
(e) with Minkowski
signature on TxM by
g(e)(pM, E∗v,pM, E∗w) = ηabe
a(pM, E∗v)e
b(pM, E∗w), (41)
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where v, w ∈ TeE. We can also consider oriented area and volume formsω
(e)
ab
and ω
(e)
a
in x ∈ M
ω
(e)
ab
(pM, E∗v,pM, E∗w) =
(
1
2
εabcde
c ∧ ed
)
(v, w),
ω
(e)
a (pM, E∗u,pM, E∗v,pM, E∗w) =
(
1
3!
εabcde
b ∧ ec ∧ ed
)
(u, v, w),
(42)
where u, v, w ∈ TeE.
Symmetric bilinear form ηabe
a ⊗eb on TeE is invariant under proper Lorentz trans-
formations
(
x, ea
)
→
(
x, Oaa¯(e)e
a¯
)
, i.e. det Oaa¯(e) = 1 and x, O
0
0
(e) > 0. Such trans-
formation can be exteneded into d-jet diffeomorphism if and only if the matrix Oaa¯(e)
depends only on x, i.e. Oaa¯(e) = O
a
a¯(x). Group of such local (proper) Lorentz trans-
formations is denoted by SO(η, M).
In the standard theory of General Relativity the parallel transport is given by
Riemann-Levi-Civita connection, on the other hand the Einstein-Cartan theory works
with general metric-compatible connection which should be considered as indepen-
dent variable. If e ∈ E is orthonormal coframe over the point x = pM, E(e) ∈ M then
the covariant derivative operator ∇ of the metric-compatible connection is given by
∇ve
a = −ivA
a
b
eb on small neighborhood of x, where v ∈ TxM and A
ab = −Aba = Aacη
bc
is the connection 1-form.
Let pE, Y : Y → E denote a fibre bundle with coordinates (x, e
a, Aab). Since the
bundle E→ M is trivial under our assumptions the bundle pM, E ◦ pE, Y = pM, Y : Y→ M
is also trivial. Bundle pM, Y : Y→ M is obviously graded manifold over M.
Relation ∇ve
a = −ivA
a
b
eb yields that the action of the local Lorentz transformation
O ∈ SO(η, M) on Y is given by
O : (xµ, ea, Aab) 7→ (xµ, Oaa¯e
a¯, Oaa¯O
b
b¯
Aa¯b¯ + Oaa¯η
a¯b¯dOb
b¯
). (43)
Let us consider a space Λ(Y, T⊗M) of forms on Y with values in the total tensor space
T⊗M over M. We can define an exterior SO(η, M)-covariant derivative D on Λ(Y, T⊗M) by
Dua = dua + Aab ∧ u
b,
where ua ∈ Λ(Y, TM). Relation DDua = DAa
b
∧ ub yields the expression
DAab = dA
a
b + A
a
c ∧ A
c
b
of the curvature and Bianchi identity DDAa
b
= 0 is also satisfied. It is clear that DAab
transforms as a tensor under the action (43) of the local Lorentz group SO(η, M).
The graded bundle pM, Y : Y→ M is called full configuration bundle of the Einstein-
Cartan theory. Its d-jet dual JY∗ is equipped with the first canonical form
θ(Y) = −pa ∧ de
a −
1
2
pab ∧ dA
ab + h (44)
and the multisymplectic form
ω(Y) = −dθ(Y) = dpa ∧ de
a +
1
2
dpab ∧ dA
ab − dh, (45)
where pa, pab are canonical momenta related to e
a and Aab and h is affine hamiltonian
coordinate.
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4.2 Equations of Motion, Covariant Legendre Transformation and Reduced Phase
Space Bundles
Let MI be compact portion of the spacetime bounded by two disjoint embeddingsΣini
andΣfin and let ϕ ∈ Sec(M, Y) be the section of the configuration bundle Y such that
Σini andΣfin are Cauchy surfaces and ϕ
∗ea|
∂MI
are future oriented coframes, i.e. for
any t-causal curve γ transverse to ∂MI there holds e
0(γ˙)|
∂MI
> 0, then the Einstein-
Hilbert-Palatini action of the Einstein-Cartan theory is given by
S =
∫
MI
(jϕ)∗L =
∫
MI
1
32piκ
εabcdDϕA
ab
ϕ ∧ e
c
ϕ ∧ e
d
ϕ, (46)
where κ is a Newton’s constant (the speed of light c is set to 1), eaϕ = ϕ
∗ea,
Aabϕ = ϕ
∗Aab and Dϕ means SO(η, M)-covariant exterior derivative on M given by the
connection Aabϕ . Variation of the action (46)
0 =
∫
MI
δea ∧
(
1
16piκ
εabcdDϕA
bc
ϕ ∧ e
d
ϕ
)
+
∫
MI
1
2
δAab ∧
(
−
1
8piκ
εabcde
c
ϕ ∧ Dϕe
d
ϕ
)
,
where we used boundary conditions ∂M∗I
(
− 1
8piκ
εabcdδA
ab ∧ ec ∧ ed) = 0 (∂M∗I means
pullback along embedding of ∂MI into M), yields equations of motion
0 =
1
16piκ
εabcdDϕA
bc
ϕ ∧ e
d
ϕ, (47)
0 = −
1
8piκ
εabcde
c
ϕ ∧ Dϕe
d
ϕ. (48)
The second equation implies that the torsion Dϕe
a
ϕ of the connection A
ab
ϕ is vanishing
on (M, gϕ = ηabe
a
ϕ ⊗ e
b
ϕ) therefore the first one is equivalent to the Einstein equations
of the General Relativity.
In section 2 we made assumption that considered Lagrangians are regular, but the
Einstein-Hilbert-Palatini Lagrangian L given by (46) depends at most linearly on the
generalized velocity dAab, hence the Lagrangian L is singular and we can not express
any velocity through the canonical momenta. Instead of exploring the general case of
singular Lagrangians we use the following construction. The Legendre transforma-
tion (10) FL : JY→ JY∗ yields
pa = 0, (49)
pab =
1
16piκ
εabcde
c ∧ ed, (50)
H = −
1
32piκ
εabcdA
a
a¯ ∧ A
a¯b ∧ ec ∧ ed. (51)
The dynamical Cartan-Poincare´ form on P = FL(JY) ≃ Y is given by the first equality
in (11)
Θ = θ(Y)|
P
= −
1
32piκ
εabcdDA
ab ∧ ec ∧ ed, (52)
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or if we use embedding FH : P→ JE∗
ea = ea, (53)
Ga =
1
16piκ
εabcdA
bc ∧ ed, (54)
h = H, (55)
then
Θ = −
1
2
ea ∧ dGa −
1
2
Ga ∧ de
a + H(e, G), (56)
where the Hamiltonian H(e, G) is given by the expression, see convention of the Hodge
operator ∗ in [19] 5.8.1,
H ≡ H(e, G) = 4piκ
[
(Ga ∧ e
b) ∧ ∗(Gb ∧ e
a) −
1
2
(Ga ∧ e
a) ∧ ∗(Gb ∧ e
b)
]
. (57)
The dynamical multisymplectic form is given by
Ω = −dΘ = −
1
16piκ
εabcdDA
ab ∧ ec ∧ Ded = dGa ∧ de
a − dH. (58)
This construction shows that the multisymplectic reduction of JY∗ defined by (49)
and (50) yields that we can use the d-jet dual JE∗ of the graded manifold of right-
handed coframes E as the reduced kinematical phase space of the Einstein-Cartan
theory if the Cartan-Poincare´ form on JE∗ is given by
θ = −
1
2
ea ∧ dGa −
1
2
Ga ∧ de
a + h = −Ga ∧ de
a + h + d(
1
2
Ga ∧ e
a) (59)
instead of the first canonical form defined for JE∗ by (8). These two forms differ by
exact term d( 1
2
Ga∧e
a) therefore the kinematical multisymplectic form of the Einstein-
Cartan theory given by
ω = −dθ = dGa ∧ de
a − dh. (60)
and the second canonical form (9) coincide.
Lemma 6 yields that following form fields are observables with hamiltonian vec-
tors on JE∗
e(γ) = γa ∧ e
a ↔ v(γ) = γa∂Ga − (dγa ∧ e
a)∂h,
G(E) = Ga ∧ E
a ↔ v(E) = −Ea∂ea − (Ga ∧ dE
a)∂h,
where γa and E
a are smearing M-horizontal 2- and 1-forms, respectively, depending
only on the spacetime coordinates xµ and their non-vanishing local covariant Poisson
brackets are
{[e(γ), G(E)]} = γa ∧ E
a.
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There also exist smeared observables related to 2-area and 3-volume. Indeed, it is
easy to show that observablesω(3)(λ) and ω(2)(B) given by
ω(3)(λ) = 1
3!
εabcdλ
a ∧ eb ∧ ec ∧ ed,
ω(2)(B) = 1
4
εabcdB
ab ∧ ec ∧ ed
are related with hamiltonian vectors v(λ) and v(B), where
v(λ) =
(
1
2
εabcdλ
aec ∧ ed
)
∂Gb −
(
1
3!
εabcddλ
a ∧ eb ∧ ec ∧ ed
)
∂h,
v(B) =
(
1
2
εabcdB
ab ∧ ec
)
∂Gd −
(
1
4
εabcddB
ab ∧ ec ∧ ed
)
∂h
and λa, Bab = −Bba are horizontal 0-, 1-forms, respectively, depending only on space-
time coordinates xµ.
4.3 Gauge group of the Einstein-Cartan Theory
Now, we want to explore the symmetry group of the Einstein-Cartan theory. We em-
ploy the coordinates ea, Aab rather than the canonical pair ea, Ga. The first observation
is that the Lagrangian L of the Einstein-Cartan theory is invariant under the action
(43) of the local Lorentz group SO(η, M). Its infinitesimal action is given by
e¯a = ea − Λa
b
eb
A¯
ab
= Aab − Λaa¯A
a¯b − Λb
b¯
Aab¯ + dΛab = Aab + DΛab,
(61)
where Λab = −Λba are 0-forms on M playing role of the coordinates on the algebra
of the local Lorentz group SO(η, M). The generating vector of the infinitesimal action
(61) is given by
v(Λ) = −Λabe
b∂ea +
1
2
DΛab∂Aab (62)
Its basic properties are summarized in the following lemma.
Lemma 8
i) The dynamical Cartan-Poincare´ form (52) is invariant under
the action (43) of the local Lorentz group SO(η, M) therefore
£v(Λ)Θ = 0.
ii) Noether’s current t(Λ) := iv(Λ)Θ is given by formula
t(Λ) := −
1
32piκ
εabcdDΛ
ab ∧ ec ∧ ed.
iii) Vanishing of the Noether’s charge
T
ϕ
ΣE
(Λ) =
∫
ΣE
ϕ∗t(Λ) = 0
for all embeddingsΣE ≃ Σ and all Λ
ab ∈ alg(SO(η, M)) implies
that ϕ ∈ Sec(M, P) is a solution of the Hamilton equation (48).
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Proof Let O(sΛ) ∈ SO(η, M) denote one parametric group associated to the vector
v(Λ). Direct calculation of its action on Θ yields
Θ¯ = −
1
32piκ
εabcdD¯A¯
ab
∧ e¯c ∧ e¯d
= −
1
32piκ
εabcdO
a
a¯(sΛ)O
b
b¯
(sΛ)Occ¯(sΛ)O
d
d¯
(sΛ)DAa¯b¯ ∧ ec¯ ∧ ed¯
= − det
(
Oa¯
b¯
(sΛ)
) 1
32piκ
εabcdDA
ab ∧ ec ∧ ed = Θ,
since det
(
Oa¯
b¯
(sΛ)
)
= 1. Therefore we have
£v(Λ)Θ = lim
s→0
Θ¯ − Θ
s
= 0.
The interior product of v(Λ) with the Cartan-Poincare´ form Θ is
t(Λ) = iv(Λ)Θ = −
1
32piκ
εabcdDΛ
ab ∧ ec ∧ ed
and the integration over given emmbedingΣE yields relation
T
ϕ
ΣE
(Λ) =
∫
ΣE
ϕ∗t(Λ) =
∫
ΣE
−
1
32piκ
εabcdDϕΛ
ab ∧ ecϕ ∧ e
d
ϕ
=
∫
ΣE
1
2
Λab
(
1
8piκ
εabcde
c
ϕ ∧ Dϕe
d
ϕ
)
+
∮
∂ΣE
−
1
32piκ
εabcdΛ
abecϕ ∧ e
d
ϕ.
The last term is vanishing since ∂ΣE = ∅. The condition T
ϕ
ΣE
(Λ) = 0 for all Λab
implies that − 1
8piκ
εabcde
c
ϕ ∧ Dϕe
d
ϕ = 0 on the embeddingΣE and arbitrariness of the
embedding yields that the equation (48) is satisfied on whole M and vice versa if the
equation (48) is satisfied then T
ϕ
ΣE
(Λ) = 0 for all embeddingsΣE and all Λ
ab. ⊓⊔
Einstein’s principle [20] of General Relativity says that the laws of the Nature are in-
dependent on the choice of the spacetime coordinates we are using for the description
of the physical system. Therefore the action (46) should be invariant under the action
of the group of diffeomorphisms Diff(M). Let ηM(s) ∈ Diff(M) denote one parameter
group generated by the spacetime vector ξ ∈ TM. Its prolongation ηP(s) to the fibre
bundle P→ M is given by
ηP : (x
µ, ea, Aab) 7→
(
η
µ
M
, (η−1M )
∗ea, (η−1M )
∗Aab
)
. (63)
The generating vector w(ξ) of ηP on P is given by an expression
w(ξ) = ξ − idξe
a∂ea −
1
2
idξA
ab∂Aab . (64)
We have similar lemma for w(ξ) as for v(Λ).
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Lemma 9
i) The dynamical Cartan-Poincare´ form (52) is invariant under the ac-
tion (63) of the diffeomorphism group Diff(M) therefore
£w(ξ)Θ = 0.
ii) Noether’s current r(ξ) := iw(ξ)Θ is given by formula
r(ξ) : =
1
16piκ
εabcdDA
ab ∧ eciξe
d +
1
16piκ
εabcdiξA
ab ∧ ec ∧ Ded
+ d
(
1
32piκ
εabcdiξA
ab ∧ ec ∧ ed
)
iii) If for the section ϕ ∈ Sec(M, P) the Hamilton equation (48) is satis-
fied then the vanishing of the Noether’s charge
R
ϕ
ΣE
(ξ) =
∫
ΣE
ϕ∗r(ξ) = 0
for all embeddings ΣE ≃ Σ and all ξ ∈ alg(Diff(M)) implies that
ϕ ∈ Sec(M, P) is also a solution of the Hamilton equation (47).
Proof At first we need to calculate some auxiliar relations. We employ notation yA =
(ea, Aab). Cartan-Poincare´ form Θ can be written as
Θ = dyAµ ∧ Θ
µν
A
dΣν + H˜dΣ,
where Θ
µν
A
and H˜ are certain functions on P. Since Θ does not depend explicitly on
the coordinate xµ we have for ξ = ξµ∂µ followig relation
iξdΘ + diξΘ = −dy
A
µ ∧ dΘ
µν ∧ iξdΣν − dH˜ ∧ iξdΣ +
+dyAµ ∧ dΘ
µν ∧ iξdΣν + dy
A
µ ∧ Θ
µν ∧ d(iξΣν) +
+dH˜ ∧ iξdΣ + H˜d(iξdΣ)
or after simplification
iξdΘ + diξΘ = idξΘ. (65)
Similar calculation yields
iξdy
A + diξy
A = idξy
A. (66)
Now, we can prove the first indentity i) of the lemma
£w(ξ)Θ = iw(ξ)dΘ + diw(ξ)Θ
= iξdΘ −
1
16piκ
εabcdidξA
ab ∧ ec ∧ Ded +
1
16piκ
εabcdDA
ab ∧ ec ∧ idξe
d +
+diξΘ +
1
32piκ
d
(
εabcdidξA
ab ∧ ec ∧ ed
)
.
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The first auxiliar formula (65) yields
£w(ξ)Θ =
1
16piκ
εabcdidξA
aa¯ ∧ Aba¯ ∧ e
c ∧ ed −
1
16piκ
εabcdidξA
ab ∧ ec ∧ Ad
d¯
∧ ed¯.
The first term can be rewritten as
1
16piκ
εabcdidξA
aa¯ ∧ Aba¯ ∧ e
c ∧ ed =
1
16piκ
εabcd
1
4
ε¯aa¯cˆdˆεaˆbˆcˆdˆidξA
aˆbˆ ∧ Aba¯ ∧ e
c ∧ ed
=
1
32piκ
εaˆbˆcˆdˆ(δ
a¯
bδ
cˆdˆ
cd + δ
a¯
cδ
cˆdˆ
db + δ
a¯
dδ
cˆdˆ
bc)idξA
aˆbˆ ∧ Aba¯ ∧ e
c ∧ ed (67)
=
1
16piκ
εabcdidξA
ab ∧ ec ∧ Ad
d¯
∧ ed¯
which yields
£w(ξ)Θ = 0.
Noether’s current is given by
r(ξ) = iw(ξ)Θ = iξΘ +
1
32piκ
εabcdidξA
ab ∧ ec ∧ ed
= −
1
32piκ
εabcdiξDA
ab ∧ ec ∧ ed +
1
16piκ
εabcdDA
ab ∧ eciξe
d
+
1
32piκ
εabcdidξA
ab ∧ ec ∧ ed.
Now, if we use the second auxiliar relation (66) then the similar calculation as in (67)
yields
r(ξ) =
1
16piκ
εabcdDA
ab ∧ eciξe
d +
1
16piκ
εabcdiξA
ab ∧ ec ∧ Ded
+d
(
1
32piκ
εabcdiξA
ab ∧ ec ∧ ed
)
.
Noether’s charge on embeddingΣE for the section ϕ ∈ Sec(M, P) is
R
ϕ
ΣE
(ξ) =
∫
ΣE
ϕ∗r(ξ)
=
∫
ΣE
1
16piκ
εabcdDϕA
ab
ϕ ∧ e
c
ϕiξe
d
ϕ +
∫
ΣE
1
16piκ
εabcdiξA
ab
ϕ ∧ e
c
ϕ ∧ Dϕe
d
ϕ.
If ϕ is the solution of the Hamilton equation (48) then the second term is vanishing
and the arbitrariness of the embedding ΣE and ξ implies that the vanishing of the
charge is equivalent to the Hamilton equation (47). ⊓⊔
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As a direct consequence of these two lemmata we have that the mutual vanishing of
the Noether’s charges T(Λ) and R(ξ) is equivalent to the Hamilton equations (47) and
(48). Therefore it seems that the symmetry group G of the Einstein-Cartan theory can
be constructed from groups SO(η, M) and Diff(M). Indeed, we finally find out that the
symmetry group is given by the semidirect product G = SO(η, M) ⋊ Diff(M).
Before we do that let us at first show, that the linear span of alg(SO(η, M)) and
alg(Diff(M)) is closed subalgebra in Lie algebra of vector fields (TP, [[, ]]).
Lemma 10 Span
(
alg(SO(η, M)), alg(Diff(M))
)
is a Lie algebra and the commutators
of the generators are
i) [[
v(Λ), v(Λ′)
]]
= v(ΛηΛ′ − Λ′ηΛ),
ii) [[
w(ξ), w(ξ′)
]]
= w(£ξξ
′),
iii) [[
w(ξ), v(Λ)
]]
= v(£ξΛ).
Proof We have for i) an expression
[[
v(Λ), v(Λ′)
]]
=
[[
−Λabe
b∂ea ,−Λ
′c
d
ed∂ec
]]
+
[[
1
2
DΛab∂Aab ,
1
2
DΛ
′cd∂Acd
]]
.
The first bracket can be evaluated as[[
−Λabe
b∂ea ,−Λ
′c
de
d∂ec
]]
= Λabe
b∂eaΛ
′c
de
d∂ec − Λ
′c
de
d∂ecΛ
a
be
b∂ea
= −(ΛacΛ
′c
b − Λ
′a
cΛ
c
b)e
b∂ea .
Evaluation of the second term yields[[
1
2
DΛab∂Aab ,
1
2
DΛ
′cd∂Acd
]]
=
=
[[
1
2
dΛab∂Aab ,
1
2
dΛ
′cd∂Acd
]]
+
[[
1
2
dΛab∂Aab ,−Λ
′c
c¯A
c¯d∂Acd
]]
+
+
[[
−Λaa¯A
a¯b∂Aab ,
1
2
dΛ
′cd∂Acd
]]
+
[[
−Λaa¯A
a¯b∂Aab ,−Λ
′c
c¯
Ac¯d∂Acd
]]
= −dΛcbΛ
′a
c
∂Aab + dΛ
′cbΛac∂Aab − (Λ
a
cΛ
′c
c¯
− Λ
′a
c
Λcc¯)A
c¯b∂Aab
=
1
2
d(ΛacΛ
′cb − Λ
′a
c
Λcb)∂Aab − (Λ
a
cΛ
′c
c¯
− Λ
′a
c
Λcc¯)A
c¯b∂Aab
=
1
2
D(ΛacΛ
′cb − Λ
′a
c
Λcb)∂Aab .
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These two relation establish the first equality i) of the lemma.
In order to prove the second relation ii) we employ for a while the notation yA =
(ea, Aab) again. The generator w(ξ) can be rewritten as
w(ξ) = ξ − idξy
A∂yA .
Thus, we have [[
w(ξ), w(ξ′)
]]
= £ξξ
′ − ξνξ
′λ
,µνy
A
λ∂yAµ + ξ
′νξλ,µνy
A
λ∂yAµ
− ξν,λξ
′λ
,µy
A
ν ∂yAµ + ξ
′ν
,λξ
λ
,µy
A
ν ∂yAµ
= £ξξ
′ − id£ξξ′y
A∂yA
= w(£ξξ
′),
which proves ii).
The last statement iii) is given by calculation
[[
w(ξ), v(Λ)
]]
=
[[
ξ,−Λcde
d∂ec
]]
+
[[
ξ,
1
2
DΛcd∂Abc
]]
+
+
[[
−idξe
a∂ea ,−Λ
c
de
d∂ec
]]
+
[[
−idξe
a∂ea ,
1
2
DΛcd∂Abc
]]
+
+
[[
−
1
2
idξA
ab∂Aab ,−Λ
c
de
d∂ec
]]
+
[[
−
1
2
idξA
ab∂Aab ,
1
2
DΛcd∂Abc
]]
.
The fourth and fifth terms are obviously vanishing. The third term is also vanishing
because [[
−idξe
a∂ea ,−Λ
c
de
d∂ec
]]
= Λcdidξe
d∂ec − idξ(Λ
c
de
d)∂ec = 0.
Calculation of the remaining terms yields expressions:
the first term [[
ξ,−Λcde
d∂ec
]]
= −£ξΛ
a
be
b∂ea ,
the second term[[
ξ,
1
2
DΛcd∂Abc
]]
=
1
2
(£ξ − idξ)dΛ
ab∂Aab − £ξΛ
a
a¯A
a¯b∂Aab
and the sixth term [[
−
1
2
idξA
ab∂Aab ,
1
2
DΛcd∂Abc
]]
=
1
2
idξdΛ
ab∂Aab .
Therefore
[[
w(ξ), v(Λ)
]]
= −£ξΛ
a
be
b∂ea +
1
2
D£ξΛ
ab∂Aab = v(£ξΛ).
⊓⊔
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Now, we want to explore transformation on P given by composition O(Λ) ◦ ηP(ξ).
From definitions (43) and (63) we have
O(Λ) ◦ ηP(ξ) : (x
µ, ea, Aab) 7→ (η
µ
M
, Oab(η
−1
M )
∗eb, Oaa¯O
b
b¯
(η−1M )
∗Aa¯b¯ + Oaa¯η
a¯b¯dOb
b¯
) =
=
(
η
µ
M
, (η−1M )
∗
(
(ηM)
∗Oabe
b
)
, (η−1M )
∗
(
(ηM)
∗Oaa¯(ηM)
∗Ob
b¯
Aa¯b¯ + (ηM)
∗Oaa¯η
a¯b¯d(ηM)
∗Ob
b¯
))
= ηP(ξ) ◦ O ((ηM)
∗Λ) : (xµ, ea, Aab),
which yields an equality
O(Λ) ◦ ηP(ξ) = ηP(ξ) ◦ O ((ηM)
∗Λ) .
This implies that if we define G as a set of all elements of the type O(Λ) ◦ ηP(ξ) then
(G, ◦) is a group given by semidirect product G = SO(η, M)⋊Diff(M), where SO(η, M) is
normal subgroup of G. Since G is localizable the symmetry group is a gauge group.
Finally, we can formulate the main theorem of this subsection.
Theorem 8 Group G given by semidirect product G = SO(η, M) ⋊ Diff(M) is a gauge
group of the Einstein-Cartan theory. Vanishing of all Noether’s charges associated to
the generators of G on P is equivalent to the Hamilton equations of motion (47) and
(48). The local Poisson brackets among Noether’s currents t(Λ) and r(ξ) are
i) {[
t(Λ), t(Λ′)
]}
= t(ΛηΛ′ − Λ′ηΛ),
ii) {[
r(ξ), r(ξ′)
]}
= r(£ξξ
′),
iii) {[
r(ξ), t(Λ)
]}
= t(£ξΛ).
Proof Statements of the theorem are direct consequencies of the previous two lem-
mata, the relation (24) and discussion in the text above. ⊓⊔
5 Conclusion
The main goal of the series is to propose as hypothesis a new theory of covariant
quantum gravity with continuous quantum geometry. The first part of the series was
dealing with the covariant hamiltonian formulation of the Einstein-Cartan theory. We
found out that the kinematical phase space is given as a d-jet dual JE∗ of the graded
manifold of right-handed coframes over the spacetime manifold M with the Cartan-
Poincare´ form slightly modified by addition of the exact term, which is an artefact
of the multisymplectic reduction since the Lagrangian of the Einstein-Cartan theory
is singular. We showed that the gauge group G of the Einstein-Cartan theory is given
by the semidirect product G = SO(η, M) ⋊ Diff(M) of the local (proper) Lorentz group
SO(η, M) and the group of spacetime diffeomorphismsDiff(M) hence the local Poisson
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algebra of its generators is closed Lie algebra. Vanishing of all Noether’s charges is
equivalent to equations of motion of the Einstein-Cartan theory.
These suggest that we solved the old Kucharˇ’s problem of finding the formulation
of constraints which forms closed Lie algebra, but the opposite is truth. We should
take into account, that we just proved that only the local algebra is closed. In order
to find an integral version of just obtained results we should, at first, introduce an
instantaneous formalism what is the goal of the next part of the series.
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